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Abstract 

We define the notion of center for a linearly reductive quantum group, and show that the 
quotient of a such a quantum group by its center is simple whenever its fusion semiring is free 
in the sense of Banica and Vergnioux. We also prove that the same is true of free products 
of quantum groups under very mild non-degeneracy conditions. Several natural families of 
compact quantum groups, some with non-commutative fusion semirings and hence very "far 
from classical" , are thus seen to be simple. 
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Introduction 



Quantum groups of function algebra type, in the spirit of, say, [27, 18, 22], appear naturally as 
Hopf algebras coacting universally on various structures (such as a vector space endowed with an 
i?-matrix in the case of [22], for example, or a quadratic algebra in [18]). The point of view adopted 
in this paper is that of the sources just cited (and dual to that of e.g. [15, 12]): Hopf algebras are 
regarded as algebras of (appropriately nice) functions on fictitious objects referred to as quantum 
groups. In fact, the only Hopf algebras we consider here are cosemisimple, in the sense that their 
categories of comodules (to be regarded as representations of the underlying quantum group) are 
semisimple; the phrase 'linearly reductive' in the abstract refers to this semisimplicity property, 
by analogy with the use of the term 'linearly reductive' in the context of algebraic groups. For 
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compilations of references available at the time and overviews of the subject the reader can consult, 
for example, [7, §7] or [16, §9]. 

The theory of compact quantum groups initiated by Woronowicz in [27] (in non-quite-final form 
in this early paper) has led to the discovery of numerous examples that do not arise as deformed 
function algebras of ordinary Lie groups, and to an explosion in the field. For a survey of the 
(already vast, at the time) literature we refer to [28, 17]. We are interested here in the purely 
algebraic counterpart of Woronowicz 's C*-algebraic notion of a compact quantum group, i.e. in the 
so-called CQG algebras of [11] (see Section 1). 

In the course of trying to push analogies to ordinary compact groups as far as possible, one 
might be led quite naturally to ask what a simple compact (or more generaly, linearly reductive) 
quantum group is. The notion was introduced in [26], where Wang also shows that some of the well- 
known examples in the literature are simple (e.g. deformed function algebras of simple compact Lie 
groups). One problem posed in [26] is to provide examples of simple compact quantum groups with 
non-commutative fusion ring (i.e. Grothendieck ring of the category of comodules; see Section 1 
for terminology); this is addressed in [9], where it is shown that free unitary groups, which are to 
compact quantum groups what ordinary unitary groups are to compact Lie groups, become simple 
once we quotient out a one-dimensional central torus (see [9, Theorem 1], and below). 

The present paper is in a sense a sequel to [9], and is concerned with extending the earlier 
results to a wider class of linearly reductive quantum groups. It is organized as follows: 

Section 1 is devoted to the preparations needed afterwards. We fix some notations, recall some 
reoccuring specific examples of compact quantum groups, review useful notions such as that of free 
fusion semiring, etc. 

In Section 2 we ntroduce the notion of center for a linearly reductive quantum group. The idea 
is simple enough, and is based on the representation-theoretic characterization of the center of a 
compact Lie group (e.g. [20]). We also introduce the quotient of a quantum group by its center, 
referring to it as the cocenter ( 2.0.11). The main result of the section is Proposition 2.0.12, which 
gives a convenient description of the cocenter and will come up again and again in later sections. 

The first main result of the paper is Theorem 3.0.14, which says that cocenters of quantum 
groups with free fusion semirings in the sense of [5] are simple. This generalizes [9, Theorem 1], 
and provides new examples of simple quantum groups, arising naturally as cocenters. 

Finally, in Section 4 we study free products of quantum groups in the sense of [24] (i.e. quantum 
groups corresponding to coproducts of families of Hopf algebras; see below for details). The main 
results are Theorem 4.0.20, which says that the center construction preserves free products, and 
Theorem 4.0.23, stating that a free product of at least two non-trivial linearly reductive quantum 
groups has simple cocenter. This provides even more examples of simple quantum groups with 
highly non-commutative fusion semirings, as well as a systematic way of obtaining such examples. 

The proofs are elementary, in that they consist of little more than word combinatorics carried 
out in fusion semirings. 

1 Preliminaries 

Although on occasion we specialize the discussion to compact quantum groups and hence com- 
plex Hopf *-algebras, the main characters throughout are cosemisimple Hopf algebras over some 
algebraically closed field k (possibly of positive characteristic). Comodules are right and finite- 
dimensional unless specified otherwise, and the category of C-comodules is denoted by JA . The 
notaton pertaining to Hopf algebra or coalgebra theory is standard: A, e and S for comultiplica- 
tions, counits and antipodes respectively (maybe with indices, as in Ac for the comultiplication 
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of the coalgebra C), and Sweedler notation minus the summation sign for comultiplications and 
comodule structures, i.e. A(x) = x\ ® X2 and v i— y vq ® «i respectively. For all of this and other 
background on Hopf algebras or coalgebras we refer to [10, 19]. 

All coalgebras anywhere in this paper are, as mentioned before, cosemisimple, in the sense 
that their categories of comodules are semisimple. Since we are working over algebraically closed 
fields, this is the same as saying that the coalgebra is a direct sum of matrix coalgebras, i.e. 
duals of matrix algebras M n (k). To any C-comodule V we associate the coefficient subcoalgebra 
Cy < C defined as the smallest subcoalgebra such that the comodule structure map V — > V ® C 
factors through V <8> Cy. This implements a bijection between (isomorphism classes of) simple 
C-comodules and matrix coalgebra summands of C . Moreover, if C happens to be a Hopf algebra, 
the correspondence further agrees with the rest of the structure: Cy^w is exactly the product 
CyC\y, while Cy* = S(Cy). We write C for the set of isomorpism classes of simple comodules. 

One particularly nice way of being cosemisimple is to be a CQG algebra. We recall here only 
that these are complex Hopf *-algebras (i.e. '*' is an antilinear, multiplication-reversing involution 
so that both A and e are *-algebra maps) with the aditional property that all .ff-comodules admit 
an inner product invariant under H in some sense (which we will not need to make precise below). 
The idea is that such objects should behave like algebras of representative functions on a compact 
group, and the inner product condition mimics the existence of an invariant inner product for any 
finite-dimensional complex representation of a compact group. We refer to [11], where the notion 
first appeared, or alternatively to [16, §11], for all of the necessary background. As far as this paper 
is concerned, CQG algebras enter the picture by virtue of being cosemisimple Hopf algebras. 

By 'quantum group' (sometimes, for clarity, 'linearly reductive quantum group') we mean the 
object dual to a cosemisimple Hopf algebra. When the latter is a CQG algebra, we might call the 
dual object a 'compact quantum group', as is customary in the literature. 

One notion that will play an important role is that of fusion semiring R+(H) for a Hopf algebra 
H. This is simply the Grothendieck semiring of its category of comodules, and is a free abelian 
monoid on a set {ry} indexed by the simple -ff-comodules V. It has a natural multiplication- 
reversing involution x h- > x* induced by taking duals at the catgorical level (the fact that '*' is an 
involution follows from cosemisimplicity) . We will often blur the line between a comodule and its 
class in the fusion semiring, and may write for instance C x for Cy if x £ R+(H) is the class of the 
iJ-comodule V, may omit tensor products between comodules as in VW instead of V®W, etc. We 
will on occasion also refer to the fusion ring R(H) of H: It is the Grothendieck ring (as opposed to 
the semiring) of the category of comodules. Both R and i?+ are partially ordered by making R + 
the positive cone. In other words, x < y in R(H) provided y = x + z for some z € R+(H). In R + 
this is the same as saying that the representation whose class y € i?+ is can be written as a direct 
sum of the representations corresponding to x and z. 

There is a bijective correspondence between Hopf subalgebras of a Hopf algebra H and based 
involution- invariant sub-semirings of R+(H). Here, 'based' means being the span of a set of (classes 
of) simple comodules; since all sub-semirings in this paper are based in this sense, we will simply 
drop the adjective. Indeed, to a Hopf subalgebra K < H the (fully faithful) scalar corestriction 
functor on comodules induces an embedding R + (K) — > R + (H), while in order to go in the other 
direction, to any (based) sub-semiring R + of R+(H) we can associate the direct sum of those matrix 
subcoalgebras of H which correspond via V i— s- Cy to simples in R + . 

As a final general remark complementing the previous paragraph, note that a Hopf subalgebra 
of a CQG algebra is automatically invariant under the *-structure, and hence the discussion above 
applies verbatim, without our having to worry about an additional *-invariance property. 
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1.1 Free fusion semirings 



These will be particularly amenable to the kind of analysis carried out in Section 3. Before ex- 
plaining what freeness is, we take a short detour to fix some notation. 

We will often consider structures (R, *,o), where R is a set, * : R — > R is an involution, and 
o : R x R — > R U {0} is a map usually referred to as the fusion. Both * and o are extended to 
the free monoid (R) on R (thought of as the set of words on the alphabet R with juxtaposition as 
multiplication) by making * multiplication-reversing, and by 

(ri . . . r k ) o (si . . . si) = r\ . . . r fc _i(r fc o si)s 2 ...si, r», sj <E R 

respectively. Here, the right hand side is whenever o si = 0. 
Following [5, 10.2], we have: 

1.1.1 Definition The fusion semiring of a cosemisimple Hopf algebra H is said to be free on 
(R,*,o) if there is some indexing (R) 3 x i->- a x G H of the set of simple comodules by (R), with 
the monoidal unit corresponding to the empty word and the operation of taking duals corresponding 
to the involution * on (R), and the multiplication in R + {H) is given by 



The convention is that in the right hand side of this equality, the term a vow is absent whenever 
v o w = 0, and free on (R, *) means free on (i?, *, o) with o constantly equal to 0. 

'Free' period, unadorned by any data (R, *, o), means that there is some such data which makes 
the semiring free in the sense of the previous paragraph. The same terminology applies to fusion 



For Hopf algebras with free fusion semirings we usually identify simple comodules with words 
over the alphabet R, and denote the coalgebras C av by C v for words v € (R). 

1.1.2 Remark It will come in handy below to notice that a fusion ring free on (R, *, o) in the 
sense of 1.1.1 is in fact free as a ring on the set R, i.e. it is a non-commutative polynomial ring in 
the variables a r , r € R. This can be shown by filtering the ring by lengths of words, and observing 
that (1) says that a x a y = a xy up to shorter words. The argument is spelled out in [21, 3.2]. 

One consequence of all of this is that a cosemisimple Hopf algebra with free fusion semiring 
cannot have non-trivial one-dimensional comodules, or equivalently, non-trivial grouplike elements; 
indeed, a one-dimensional comodule would correspond to an invertible element of the fusion ring, 
but the only invertibles in a non-commutative polynomial ring (over Z) are ±1. We need this in 
Section 3. ♦ 

Several important families of cosemisimple Hopf algebras (in fact CQG algebras) exhibit the 
kind of behaviour axiomatized by 1.1.1. We now recall some of these. 

1.1.3 Example Let Q be a positive self-adjoint n x n matrix, and A U (Q) the *-algebra freely 
generated by the n 2 elements Uij, i,j = l,n, subject to the relations demanding that both u = 
(uij)ij and QzuQ~2 be unitary as elements of M n (A u (Q)) (where u = {u*j)ij). 

A U {Q) can be made into a CQG algebra by declaring that mj are the usual n 2 basis elements 
of a matrix coalgebra in the sense that 
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(a theme that will come up again and again in these examples; they are all defined by imposing 
relations on the n 2 matrix units of an n x n matrix coalgebra). 

The algebras A U {Q) were introduced by Wang and van Daele in [23], and they are the quantum 
analogues of unitary groups: Every finitely generated CQG algebra is a quotient of one of them, 
meaning, in dual language, that every "compacy quantum Lie group" embeds in the compact 
quantum group associated to A U (Q) for some Q. 

When n > 2 (which will always be assumed), it was shown in [3] that the fusion semiring of 
A U (Q) is free on ({a, a*}, *), where a is the class of the fundamental representation corresponding 
to the matrix coalgebra spanned by u; it has a basis e«, i = l,n and comodule structure defined by 

1.1.4 Example Now let Q be a matrix with the property QQ £ R/ n (just like the positivity 
assumption of the previous example, this avoids some redundance and degeneracy). The CQG 
algebra B U (Q) was also introduced in [23] (denoted there by A (Q)) as the *-algbra obtained from 
A U (Q) by imposing the additional assumption that all Uij be self-adjoint. 

The fusion semiring of B U (Q) is determined in [2], and is isomorphic to that of SU(2) whenever 
n > 2: free on ({a}, *) for the fundamental representation a = a* defined as in the previous 
example. ♦ 

1.1.5 Example In [25], Wang introduced the quantum automorphism group A aut (B, r) of a traced 
finite-dimensional C*-algebra (B,t), meaning the initial object in the category of CQG algebras 
endowed with a coaction on B that preserves the trace r in the appropriate sense. If the trace r 
is chosen judiciously, the fusion semiring of A aut is isomorphic to that of SO(3) (as shown in [4]). 
This means in particular that it is free on ({a}, *, o), where a = a* and a o a = a. ♦ 

1.1.6 Example The quantum reflection groups of [5] are another important family of examples. 
For a positive integer n and an additional parameter s which is either a positive integer or oo, the 
quantum reflection group A s h {n) is defined as the *-algebra freely generated by the n 2 generators 
u^, satisfying the conditions: 

1. u and u are unitary. 

2. All Uij are partial isometries, in the sense that pij = UijU*^ are idempotent. 

3. = Pij . 

This is motivated by the fact that imposing the additional condition of commutativity would result 
in the algebra of functions on the group ofnxii monomial matrices (i.e. one non-zero entry in 
each row and column) with s'th roots of unity as non-zero entries. 

In this setting (and assuming n > 4), [5, 7.3] says that the fusion semiring of A s h (n) is free on 
(Z/sZ, *, o), where x* = —x and x o y = x + y for x, y € Z/sZ. ♦ 

1.1.7 Example Given a family Hi of cosemisimple Hopf algebras whose fusion semirings are free 
on (B4, *i, Oj) for some index set I 3 i, their coproduct in the category of Hopf algebras is again 
cosemisimple, and its fusion semiring is free on (R = \_\ Ri, *, o) where this latter * consists simply 
of putting together the involutions *j of the individual R^s, while for r, s £ R, r o s is r Oj s if 
r,s £ Ri, and otherwise. 

All of this follows for example from [24, 1.1], which basically says that the fusion semiring of 
the coproduct (there called the free product of the corresponding compact quantum groups) is the 
coproduct in the category of semirings of the R+(Hi). Although that paper is concerned with CQG 
algebras, these results extend easily to arbitrary cosemisimple Hopf algebras. ♦ 
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1.2 Normal quantum subgroups 

In the setting we are placing ourselves in, with Hopf algebras regarded as analogues of algebras 
of functions on groups, a normal quantum subgroup of a quantum group should correspond to a 
quotient Hopf algebra with some extra properties. We recall what these are, following [1, 26]. 

1.2.1 Definition A morphism tt : H — > K of Hopf algebras is normal if the left and right kernels 
of 7r defined respectively by 

LKer(7t) = {h € H | 7r(/ii) ® h 2 

and 

RKer(7t) = {h G H | hi (g> 7r(/i 2 ) 

coincide. 

For a quantum group (dual to the Hopf algebra) H, a normal quantum subgroup is a normal 
Hopf algebra surjection n : H — >• K. The same discussion applies to CQG algebras, in which case 
all morphisms are always understood to be *-preserving. ♦ 

This is the definition adopted in [26, 2.1] (see also [1, 1.1.5]), and it is motivated by the fact 
that for Hopf algebras of representative functions on compact groups, it recovers the usual notion 
of normality (with the left and right kernels being algebras of functions on the right and left coset 
spaces respectively). Note that the map tt itself is regarded as the subgroup; two maps are always 
taken to represent the same subgroup whenever they are isomorphic as -fT-sourced arrows in the 
category of Hopf algebras (or CQG algebras). 

In the situation of 1.2.1, P = LKer(7t) = RKer(7t) is a Hopf subalgebra of H, which can 
be thought of, morally, as functions on the quotient of the quantum group H by the quantum 
subgroup K; we denote it by HKer(7t), and refer to it as the Hopf kernel of tt. In all cases we 
deal with in this paper (where all Hopf algebras are cosemisimple) , t : P — > H and tt : H — > K are 
the two halves of what in [1, 1.2] is called a exact sequence of quantum groups, and t and tt in fact 
determine one another (see e.g. [26, 4.4]). Moreover, the Hopf kernel t : P — >■ H of tt : H — > K can 
be characterized in the cosemisimple case as the sum of precisely those matrix subcoalgebras of H 
whose corresponding simple comodules become trivial through scalar corestriction by tt (meaning 
direct sums of the trivial one-dimensional comodule). 

As it turns out, there is a simple necessary and sufficient condition which will ensure that an 
inclusion i : P — > H of (cosemisimple) Hopf algebras is half of an exact sequence P — > H — > K: 
It is that P be invariant under either the left or the right adjoint action of H on itself, defined by 
ht>h' = hih!S{h,2) and h'<h = S(h\)h'h2 respectively (in which case we say that P is ad-invariant). 
Indeed, one can show easily that left (right) kernels of Hopf algebra morphisms are always invariant 
under the right (resp. left) adjoint action; [1, 1.2.5] ensures the opposite implication as soon as H 
is faithfully flat over P, which according to [8] is always the case. 

In conclusion, knowledge of the ad-invariant Hopf subalgebra i : P — > H is equivalent to giving 
a normal quantum subgroup tt : H — > K , and we will often conflate these two points of view. 

1.2.2 Remark We take a moment to observe that the (left, say) adjoint action of a matrix sub- 
coalgebra C of a Hopf algebra H on another such subcoalgebra D is non-zero. Indeed, This follows 
from the fact that H 3 1 € S{C)C, and hence D < S(C) >{C>D). We need this below. 4 

Now that we know what normal quantum subgroups are, the following is natural: 

1.2.3 Definition A quantum group with underlying Hopf algebra H is simple if there are no 
normal quantum subgroups apart from the obvious ones, id : H — > H and e : H — ^ k. ♦ 



= Ik ® h} 
= h®l K } 
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1.2.4 Remark The original definition adopted in [26] for compact quantum groups is somewhat 
different: There are additional requirements that the compact quantum group (a) be what is usually 
called a matrix CQG (in dual language, this amounts to the corresponding Hopf algebra being 
finitely generated as an algebra), (b) be connected (in the context of compact quantum groups, this 
means essentially that every non-trivial Hopf *-subalgebra is infinite-dimensional), and (c) have no 
non-trivial irreducible one-dimensional representations (i.e. comodules for the corresponding Hopf 
algebra) . 

Conditions (b) and (c) hold automatically for the examples obtained below via Theorem 3.0.14, 
all of whose fusion semirings are embedded into free ones. Indeed, the free fusion rules (1) make 
it clear that any non-trivial Hopf subalgebra of such a Hopf algebra has infinitely many simple 
comodules, proving (b); on the other hand, 1.1.2 ensures that (c) holds for Hopf algebras with free 
fusion semirings and their Hopf subalgebras. 

As pointed out in [9], the examples covered by Theorem 3.0.14 will not, in general, satisfy 
condition (a). Other examples that do go the extra mile can be obtained by judiciously selecting 
finitely generated Hopf subalgebras (e.g. as in [9, Proposition 10]), but this is somehow less natural 
than the cocenter construction of the next section. All of this seemed to justify choosing the shorter 
definition over the longer, more refined one. ♦ 

2 Centers and cocenters 

This section is devoted to defining the notion of center for a quantum group (regarded, as always 
in this paper, as the object dual to a cosemisimple Hopf algebra) and providing a characterization 
that will come in handy in Section 3. Roughly speaking, the center is, as expected, "precisely the 
quantum subgroup which acts as scalars on any simple comodule" . Making this precise requires a 
bit of unpacking. 

The notion of centrality for a quantum subgroup tt : H — > K of a quantum group H is introduced 
in the course of the proof of [26, 4.5]: 

2.0.5 Definition A morphism it : H — > K of cosemisimple Hopf algebras is central if 



(-7T g) id) o A H = (tt ® id) o r o A H : H -> K <g) H, (2) 

where r is the usual flip of tensor ands. ♦ 

2.0.6 Remark In particular, if tt : H — > K is a central quantum subgroup in the sense that it is 
central and surjective, then K is cocommutative. Its cosemisimplicity then implies that it must be 
a group algebra. Moreover, as noted in [26, 4.5], centrality implies normality. ♦ 



The following result ties in the definition with the representation-theoretic interpretation of 
centrality suggested in the first paragraph of this section. 

2.0.7 Proposition A morphism tt : H — > K of cosemisimple Hopf algebras is central in the sense 
of 2.0.5 if and only if the associated scalar corestriction functor M — > M turns every simple 
H-comodule into a direct sum of copies of a single one- dimensional K-comodule. 

Proof Since linear functionals ip € K* separate the elements of K, (2) can be stated as 

<p(ir(hi))h2 = v?(7r(/i 2 ))/ii, V/ieff, ipe K*. (3) 
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In turn, this is equivalent to the commutativity of all diagrams of the form 

V >V®H 



V 



for all choices of a comodule V G A4 and a functional ip G if*, where the vertical maps represent 
the action of <p on V by <p > v = (p(ir(vi))vo. Indeed, the right-down path in the diagram sends v to 
vq ® (^(7r(vi))f2, whereas the down-right path sends it to vq ® (p(ir(v2))vi. 

In conclusion, the centrality of 2.0.5 is equivalent to if* acting by ii-comodule maps on 
all ii-comodules, or equivalently (by cosemisimplicity) on all simple if-comodules. But for simple 

V G A4 H , Schur's lemma makes this latter condition equivalent to if* acting on V by cpt>v = ty(tp)(v) 
for some algebra homomorphism : if* — > k. 

Since the if *-module structure is induced by a if -comodule structure, in the situation described 
above VP must be of the form <p 1-4 ip(g) for some g G if. The fact that VP is an algebra map translates 
to g being a grouplike, and hence the if -comodule V breaks up as a direct sum of dim V copies of 
the one-dimensional fcg-comodule. ■ 

Now let 7r : H — > if be a central quantum subgroup. According to the proposition, every simple 

V G A4 H can be written, when regarded as a If -comodule, as a direct sum of dimV copies of 
a if -comodule corresponding to some grouplike element g € K. Moreover, the surjectivity of ir 
means that K is in fact a group algebra k[G]. Labelling V by g defines a G-grading on the fusion 
semiring i? + (ii) (and also on the category Ai H ). 

Conversely, suppose we have a grading of R + (H) by a group G such that all simples are 
homogeneous. Then we can recover a central quantum subgroup tt : H — > k[G] as follows: For a 
simple V 6 M. assigned degree g G G by the grading, fix some basis {e,}, i = l,n, consider the 
corresponding matrix units Uij determined by (ej)o <8> = Yl e i® u iji an d define the restriction 
of 7r to Cy by i y Sijg. We leave to the reader the task of checking that this is a well-defined 
morphism of Hopf algebras (or CQG algebras, if H is a CQG algebra and C[G] is given its standard 
CQG structure making the elements of G unitary). To check independence of the choice of basis 
{ej}, for example, notice that a different choice would conjugate u = (uij) £ M n (H) by a scalar 
nxn invertible matrix, and such a conjugation fixes the matrix (Sijg)ij G M n (k[G]) componentwise. 

2.0.8 Definition Let H be a cosemisimple Hopf algebra. The category of gradings of i?+(ii) has 
as objects gradings of R+(H) by groups such that the simples are homogeneous, and as morphisms 
between a G\ and a GVgrading, morphisms of groups / : G% — > Gi respecting the grading, in the 
sense that if the simple V has degree g\ £ G\ with respect to the first grading, then it has degree 
f(gi) G G2 with respect to the second one. 

The category of central arrows of H has central arrows H — > k[G] as objects, and the obvious 
commutative triangles as morphisms. ♦ 

2.0.9 Remark Note that for any grading of i?+(ii) by a group G as in the preceding discussion, 
the trivial comodule automatically gets degree 1, which in turn implies that the grading intertwines 
the * involution on R + (H) and the inverse operation g \— > g _1 on G. ♦ 

With these preparations, the discussion preceding the definition can now be summarized as 
follows: 
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2.0.10 Proposition For any cosemisimple Hopf algebra H , sending a central arrow H — > k[G] to 
the grading described before 2.0.8 sets up an equivalence between central arrows of H and gradings 
ofR+{H). U 

It is sensible now to try to define the center of the quantum group H as the largest central 
quantum subgroup, meaning initial object in the category of central arrows. Proposition 2.0.10 
allows us to do just that, by first observing that the category of gradings of R + (H) has an initial 
object. This universal grading has appeared, for example, in [6, 20, 14], sometimes in slightly 
different variants which can easily be adapted to the present situation. 

2.0.11 Definition Let H be a cosemisimple Hopf algebra. The center of the corresponding quan- 
tum group is the initial object tt : H — >■ Z of the category of central arrows. 

The cocenter is the Hopf kernel of the center ir. ♦ 

Following [6, 20], we denote the group implementing the initial grading of R + (H) by C(H). A 
description analogous to that in [6] would be as the set of equivalence classes of H, where x,y G H 
are declared equivalent (written x ~ y) whenever x, y < z\ . . . z n in R + (H) for some Zj G H. The 
multiplication inherited from that of R+(H) makes this set into a group, with inverse given by 
taking duals. 

We now seek to describe the cocenter of a quantum group H in terms of its fusion semiring. 
The preceding discussion almost takes care of the first half of the following proposition, while the 
second half requires slightly more work and is needed in Section 3: 

2.0.12 Proposition Let H be a cosemisimple Hopf algebra, and i : P — > H its cocenter. The 
fusion semiring R + (P) can be described as either 

(a) The sub-semiring of R+(H) spanned by those x G H which are majorized by some product 
{z\ . . . z n ){z\ . . . z n )* G R+(H), Zj G H with respect to the usual partial order, or 

(b) The sub-semiring of R+(H) generated by those x G H which are majorized by some zz* , 

zeH. 

Proof Part (a) is an immediate consequence of the discussion preceding the statement: R+(P) < 
R + (H) is spanned by those simples x G H which are equivalent to 1 through ~, i.e. such that x 
and 1 are majorized by some product z\ . . . z n for Zj G H. This implies x < {z\ . . . z n )(zi . . . z n )* . 
Conversely, the latter condition on x certainly implies x ~ 1, since both x and 1 are then summands 

Of (Zl ... Z n )(zi . . . Z n )*. 

The sub-semiring described in part (b) is a priori smaller than that of (a), and it is our task to 
show that the two in fact coincide. To this end, it is enough to show that any simple 

x < (zi . . . z n )(z\ . . . z n )* = z\ . . . z n z* ...zl (4) 

is a summand of (z\ . . . z n ^\)(zi . . . z n _i)*yy* for some y G H, for we can then use induction on n. 

Consider H as a comodule over itself, via the right adjoint coaction h t— > hi S(h\)h->,; more 
concretely, H is simply the direct sum of all y &) y*, y G H. A multiplicity count will quickly 
convince the reader that for any z G H (equivalently, any z G Ai H ), we have 

z® H ^ H® dimz ^ H ® z. (5) 

To conclude, note that as a consequence of (4), x is a summand of 

(zi . . . Z n -i) <g) H ® (Zl . . . Z n -l)* — {z\... Z n -l) ® (z\ . . . Z n -l)* <S> H, 

where the isomorphism follows from (5) applied to z = Z\...z n -i- Finally, since x is simple, it 
must be a subcomodule of some summand (z\ . . . z n -i){zi ■ ■ ■ z n -i)*yy* of the latter. ■ 



9 



Versions of the cocentral fusion sub-semiring R + (P) < R + (H), described as in part (b) of 
Proposition 2.0.12, have appeared in [13, 14, 20]. The identification of the cocenter with this 
particular sub-semiring is a non-commutative analogue of the fact that in the classical case, for a 
compact group G, one recovers in this way precisely the fusion semiring of the quotient G/Z(G) 
by the center (e.g. [20, 2.8]). 

2.0.13 Remark The pared-down discussion in Proposition 2.0.12 is included here for the con- 
venience of ther eader, but let us mention that a more general version holds (and is essentially 
available in the literature), in the sense that sub-semirings defined as in (a) and (b) coincide for 
any so-called fusion category (even after dropping the usual requirement that there be only finitely 
many simple objects). 

Equation (5) would not be available in precisely the same form in this generality, but its two 
outer terms would still be equal if H is taken, as in the text, to be the direct sum of all y y* 
for y ranging over the simple objects. This is the gist of [14, 3.3, 3.4, 3.5] (adapted to the case of 
infinitely many simples), which show that the initial grading of a fusion category coincides with 
the decomposition of the Grothendieck semiring of the entire category into summands as a module 
over the sub-semiring defined as in (b). ♦ 



3 Simple cocenters 

As announced in the introduction, the main result of this section is: 

3.0.14 Theorem For any cosemisimple Hopf algebra H whose fusion semiring is free on a datum 
(R, *, o), the cocenter i : P — >• H is simple in the sense of 1.2.3. 

Proof As in §1.1, we denote the correspondence between words on R and simple if-comodules by 
(R) 9 x i— > a x € H. The statement reduces to showing that the only ad-invariant Hopf subalgebras 
Q < P are the two obvious ones. Throughout the rest of the proof, fix such a Q, and assume it is 
strictly larger than the scalars. Our aim will be to show that Q = P. 

According to part (b) of Proposition 2.0.12, it suffices to prove that R+(Q) < R+(P) contains 
a u a u * for any word u. Let a v € R+(Q) for some non-empty word v (if there is no such v then Q is 
just the constants, and there is nothing to prove). By (1), a vv * £ R + (Q). Write vv* = r . . . r* for 
some r £ R, and consider the two possible cases: 

(1) The alphabet R is of cardinality at least two. Let w £ (R) be a word ending in some letter 
s/r* (so that w* starts with s* ^ r) and such that a w £ R + {P). The fusion rules (1) now imply 
that a w a vv *a w * = a wvv * w * is simple, and hence the multiplication map C W ®C VV * ®C W * i— >• C wvv * w * 
is an isomorphism. Since Q < P is assumed to be ad-invariant, acting on C vv * < Q with C w < P 
will produce an element of Q (again non-zero, by 1.2.2). It follows that the entire matrix coalgebra 
C wvv * w * is contained in Q, and hence a wm * w * £ R + (Q). 

The only conditions imposed on w in the above argument were that it end in some letter 
s ^ r*, and that a w £ i?+(P). Such w can be chosen so as to contain any word u whatsoever as an 
initial segment (take, say, w = uu*s*s; the simple a w is a P-comodule by Proposition 2.0.12). In 
conclusion, for any word u, R+(Q) contains some simple a u ,... By (1), Q-comodule, being 

a summand of a u ...( a u...)* ■ Proving this was our goal to begin with. 

(2) R is a singleton {r}. In this case the duality involution * is necessarily the identity, and 
there are only two possibilities for the fusion o: r o r is either or r. These are precisely the fusion 
semirings from Examples 1.1.4 and 1.1.5 respectively, and the desired result is essentially proven in 
[26, 4.1, 4.7] (Wang's statements refer to the quantum groups themselves, but the proofs rely only 
on the structure of their fusion semirings) . ■ 
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3.0.15 Remark In the above proof, part (1) can be tweaked to get a somewhat stronger result: 
With the notations of the theorem, the quantum group associated to any Hopf subalgebra P' < P 
is simple, provided among the simple comodules of P' we can find two, say a x , a y , for words 
x,y E (R) ending in different letters. In particular, there is a rich supply of finitely generated Hopf 
subalgebras with simple underlying quantum groups (see 1.2.4 above). ♦ 

Call a quantum group with simple cocenter projectively simple. In view of Examples 1.1.3 
and 1.1.6, free unitary groups and quantum reflection groups are all projectively simple. As noted 
before, this generalizes the main result of [9]. The following simple observation is of some use in 
determining what the cocenters of the theorem look like. 

3.0.16 Proposition Let H be a cosemisimple Hopf algebra with fusion semiring free on the data 
(R, *, o). Then, the universal grading group C(H) is generated by R, subject to the relations turning 
'* ' into the inverse and 'o ' into the multiplication. 

Proof Denote by G the group defined by generators and relations as in the statement (so the 
generators are r € R and the relations are r* = r _1 and r o s = rs, with the latter meaning no 
relation at all when r o s = 0). Let i : R — > G be the canonical map. 

The free fusion rule (1) shows that the assignment of degree i(r) to the simple a r € R+(H) 
extends by multiplication to a G-grading on the entire fusion semiring. We now have to show that 
this grading is initial. Indeed, given a G-grading deg(«) of R for a group G, the map r (->■ deg(a r ) 
on the one hand turns the involution * into g \-t g^ 1 (as noted in 2.0.9), and on the other hand, by 
(1), it intertwines o and the group multiplication on G. It follows that this map factors uniquely 
as i : R — > G followed by a group homomorphism G — > G, as desired. ■ 

Let's see what this says about some of the examples from §1.1. 

3.0.17 Example Recall from Example 1.1.3 that the fusion semirings of the free unitary groups 
A U (Q) (for some positive n x n matrix Q, n > 2) are free on R = {a, a*}. It follows from 
Proposition 3.0.16 that the grading group C{A U {Q)) is Z, and hence the center is precisely the 
central subgroup A U (Q) — > C[t, t -1 ], Uij h-> 5ijt of [26, 4.5]. It is now a simple exercise to show that 
the simple comodules of the cocenter are those indexed by words in a, a* having equal numbers of 
a's and a*'s (see e.g. [9, Lemma 7]). ♦ 

3.0.18 Example According to Example 1.1.6, the fusion semirings R+(Af l (n)) (for n > 4) are free 
on data (Z/sZ, *,o) which precisely imitates the additive group structure of Z/sZ: x* = —x and 
x o y = x + y. Proposition 3.0.16 then implies that the center is A s h (n) — > C[t,t -1 ]/(i s = 1) (when 
s = oo there is no relation at all), defined as before by Uij *— > Syt. The simple comodules of the 
cocenter are those indexed by words r\ . . . E (Z/sZ) satisfying n + . . . + r& = € Z/sZ. 

As in the previous example, the cocenter is large enough to allow, via 3.0.15, for many examples 
of finitely generated Hopf algebras with simple underlying compact quantum groups (at least when 
s>2). ♦ 

3.0.19 Example When applied to Example 1.1.7, Proposition 3.0.16 shows that the universal 
grading group construction C(») preserves coproducts when applied to cosemisimple Hopf algebras 
with free fusion semirings. The phrase in italics can in fact be dropped, as we will see in the next 
section. ♦ 
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4 Projective simplicity of free products 



Here, we take a closer look at coproducts of cosemisimple Hopf algebras, studied in [24] and recalled 
above in Example 1.1.7. After giving a description of the center of such a coproduct in terms of 
the centers of the individual Hopf algebras (Theorem 4.0.20), we show in Theorem 4.0.23 that 
coproducts are automatically projectively simple (given some mild non-triviality conditions). 

A note on terminology: In the sequel, 'free product' refers to quantum groups (i.e. objects dual 
to Hopf algebras), whereas in the dual picture, when talking about algebras or Hopf algebras, we 
use 'coproduct'. 

To fix notation, we will be working with families Hi, i € / of cosemisimple Hopf algebras and 
their coproduct H in the category of Hopf algebras (or equivalently algebras, or *-algebras, or CQG 
algebras, etc.; all of these notions coincide when they make sense for the objects in question). 

The fusion semiring of H is essentially described in [24]: The simples in At are the tensor 
products Vx ® . . . (8> V n for all finite strings . . . ,i n ) of elements from / such that i k ^ ik+i, 
Vk and all choices of non-trivial simples V k E Ai Hik ■ The fusion rules are just the obvious ones; 
as mentioned in Example 1.1.7, the way to say all of this briefly is that the canonical inclusions 
Li : R+(Hi) —■ R + (H) make the right hand side the coproduct of the R+(HiYs in the category of 
semirings. 

To be a bit more explicit about the fusion rules, write the generic simple of H C R+(H) as 
z = x\...x n (same notation as above). Then, when computing its product with another such 
element, say z' = y\ . . . ye (y k G Hj k ), three cases can occur: 

(1) If i n ji, then zz' is simply the stringing together of the x's and y's. 

(2) If i n = j\ but Xi n is not the dual of yj ± , then 

zz' = ^Jrife xi . . .x n -!V k y 2 . . .ye, (6) 
k 

where 

x n yi = ^JnfeUfc, n k <EZ + , v k e H in . 

k 

(3) Finally, if x n — y\ and 

x n yi = 1 + ^2 UkVk 

k 

in R + {Hi n ), then the product can be computed by recursion, with 

zz = (xi . . . x n _i)(y 2 • • • ye) + } ] n k x\ . . . x n ^ x VkV2 ■■■Ve (7) 

k 

as the first step of that recursion. 

This discussion will be implicit throughout the entire section, and we will use the same notation 
and setup repeatedly. We also reprise the notation x \— > a x for the correspondence between words 
and simples, when we want to distinguish between concatenation of words and products in fusion 
semirings. 

4.0.20 Theorem Let Hi, i £ I be a set of cosemisimple Hopf algebras, and H = JJ-ffj their 

i 

coproduct. The canonical inclusions R+(Hi) — > R + (H) induce homomorphisms C(Hi) — > C{H) 
making the universal grading group of H the coproduct of the groups C(Hi). 
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Proof The first statement, about Hi — > H descending to a morphism at the level of grading groups, 
follows from the fact that (being the canonical map of Hi into its coproduct with another algebra) 
it is an injection. This means in particular that simples of Hi remain simple over H, and hence the 
universal C(-fT)-grading on R + (H) induces a grading on R + {H,{). Such a grading factors through 
a unique map from the universal grading group of Hi to that of H by the universality property of 
C(Hi). Putting all such maps together, we get a group homomorphism <f> : TJC(i?j) — > C(H). 

The above description of R + (H) as a coproduct implies that the individual Gj-gradings of 
R + (Hi) can be lifted to a grading of R + (H) by the coproduct G of the Gj's in the category of 
groups: Simply declare that the degree of the typical simple the product of the degrees 

of the Xfc's. Moreover, this induces, as before, maps Gi — > G at the level of grading groups, which 
are nothing but the canonical inclusions into the coproduct. 

In particular, we can apply the previous paragraph to the universal gradings by Gi = C{Hi). 
By the universality of C(H), the coproduct inclusions Gi — > G factor as Gi — > C(H) — > G, the left 
hand arrow being the map from the first paragraph of the proof; in other words, the identity on 
G factors through <j) : G — > C(H), which must then be injective. On the other hand, surjectivity 
follows from the fact that every simple of H is a tensor product of simples of the H^s and the 
description of universal grading groups mentioned after 2.0.8. ■ 

4.0.21 Remark What the proof shows, in fact, is the stronger statement that the universal grading 
group of a coproduct of fusion rings in the sense of [14] (where the term is used differently) is the 
coproduct of the individual universal grading groups. ♦ 

4.0.22 Remark The result can be regarded as a "free" analogue of the fact that taking the center 
of product of groups is the product of the individual centers. ♦ 

The next result says that free products provide a rich supply of simple quantum groups by the 
same natural cocenter construction. 

4.0.23 Theorem Let Hi, i E / be a family of at least two non-trivial cosemisimple Hopf algebras, 
and H = Hi their coproduct. The quantum group correpsonding to H is projectively simple. 

Before going into the proof, let us record some consequences. The following one is immediate: 

4.0.24 Corollary The free product of at least two non-trivial, centerless, linearly reductive quan- 
tum groups is simple. ■ 

4.0.25 Remark The corollary refers to the notion of simplicity from 1.2.3. A moment's thought, 
however, should convince the reader that the result remains true if one adopts the definition [26, 
3.3], provided we restrict ourselves to free products of finite families, if we insist on the finite 
generation of our Hopf algebras (see 1.2.4 above or [9, Remark 5] for a comparison). ♦ 

4.0.26 Corollary For Hi and H as in the statement of Theorem 4-0.23, any proper normal quan- 
tum subgroup of H is central. 

Proof Passing to the quotient by such a normal quantum subgroup, the statement can be rephrased 
as saying that any non-trivial ad-invariant Hopf subalgebra i : Q — > H contains the cocenter P < H. 

If Q intersects the cocenter non-trivially, the intersection (being ad-invariant in P) must equal 
P by Theorem 4.0.23. Let us now assume that not all Hj 7 s are group algebras (or there is nothing 
to prove). I claim that in this case, P n Q is non-trivial, and hence we are in the situation we've 
already covered. 



13 



To prove the claim, first suppose some Hi, I 3 i 7^ i\ has a simple comodule y of dimension 
greater than 1, and let z = xi . . . x n £ Q with Xk € Hi h . Acting on C z by C y via the left adjoint 
action will produce elements of matrix coalgebras associated with simple comodules of the form y . . . 
(i.e. words on UHj starting with y), some of which are non-zero by 1.2.2. It follows that Q has some 
simple z' = y . . . of dimension greater than 1 (because dimy > 1), and z'(z')* £ R + (Q) n R + (P) 
will then contain some non-trivial summand. 

The only case left to treat is that when all Hi are group algebras except for H^ . This is easily 
reduced to the previous case by first acting on C z by some non-trivial grouplike x in an Hi, i 7^ i%, 
and then applying the previous discussion to the resulting simple x . . . , whose underlying matrix 
coalgebra can now be acted upon by C y for some simple y £ H^ of dimension at least 2. ■ 

Proof of Theorem 4.0.23 Let P < H be the cocenter of H, and Q < P a non-trivial ad-invariant 
Hopf subalgebra. Our task is to show that in fact Q = P. It is implicit here that P is non-trivial, 
i.e. Hi are not all group algebras (otherwise there would be nothing to prove). We use the same 
notation as before for simple comodules of H, regarding them as words on the alphabet (J Hi. So 
an expression such as ... x, x € Hi means word ending with 1 7^ x £ H. We might also refer to 
such a word simply as ending in Hi (and similarly for 'starting' instead of 'ending'). 

(Step 1) For any simple u = ui . . . u n £ H with uu £ Hi k , P has a simple u\ . . . u n . . . having 
u as an initial segment and u* as a final segment. Indeed, if at least one Hj, j 7^ i n is not a group 
algebra, the word uyu* for some non-trivial simple y of the cocenter of Hj will do. Otherwise (in 
other words, if every Hj, j £ / is a group algebra except for Hi n ), let y be a non-trivial simple of 
the cocenter of Hi n and x a non-trivial simple of some Hj, j 7^ i n , and consider the word uxyx*u* 
instead. 

(Step 2) Q has a non-trivial simple simple starting and ending in the same Hi. To see this, let 
z = x\ . . . x n S Q be an arbitrary word, with 1 7^ xt £ Hi k , and assume without loss of generality 
that i\ 7^ i n (or we would be done). If \I\ > 3, acting on C z by C v for some v £ P starting in 
Hi, i ^ ii,i n will do the trick, in the now- familiar fashion (such a v exists by Step 1). So we are 
reduced to / = {1, 2}. 

Furthermore, by the fusion rules (6) and (7), the only way in which a z a* £ R + (Q) could fail to 
have some non-trivial summand would be for the letters of z to all correspond to one-dimensional 
comodules of the various H^s. So the interesting case is the one when all Xj's are one-dimensional. 

We may now assume without loss of generality that Hi n is not a group algebra (since i n } = 
{1, 2}), and in particular, that there is some non-trivial y £ Hi n , y 7^ x* ■ Now act on C z with C v 
for some v = y . . .y* £ P (Step 1 again) to obtain some word in Q starting in y and ending in y* . 

(Step 3) Same as Step 1, with Q instead of P. Let 1 7^ zQ be as in Step 2, starting and 
ending in the same Hi, and v = u . . .u* £ P a simple as in Step 1, with u = u\... u n , £ Hi k . If 
i 7^ i\, then acting on C z < Q via the left adjoint action with elements of C v we get elements (some 
non-zero, according to 1.2.2) of the coalgebra C vzv * associated to a simple of the desired form. 
Otherwise, i.e. if z does start in H^, then first act on C z with C v i for some v' = u' ... (u')* £ P 
with u' not starting in H^, and then act further on C v i z ^ v iy with C v . In both cases, ad-invariance 
ensures that C vzv * or, respectively, C vv / Z ( vv >\* is contained in Q. 

(Step 4: End of the proof) Let u be an arbitrary word on [JHi. According to the previous 
step, we can find a simple comodule z = u . . . £ Q. The product a z a* z in R + (Q) majorizes a u a* u , 
and hence R+{Q) contains a u a* for any u £ H. The conclusion follows from Proposition 2.0.12 
(b). ■ 

Finally, let us end by noting that most examples of simple quantum groups provided by 
Theorem 4.0.23 and in the previous section are far from being classical in yet another way: They 
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lack what Wang calls property F, which demands that Hopf subalgebras be ad-invariant automat- 
ically (this is equivalent to [26, 3.6]). For a free product H of at least two non-trivial quantum 
groups Hi, i 6 /, for instance, the cocenter of some non-group algebra Hi is contained in the 
cocenter of H, but is not ad-invariant by Theorem 4.0.23. This addresses the remark of [26, §5] to 
the effect that all examples of simple compact quantum groups presented there have property F. 
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